Abstract-Thermal transport in resistive random-access memory (RRAM) is modeled in the set state, where the conductive filament (CF) is approximated by an infinitely long cylinder embedded in crystalline rutile TiO 2 , a prototypical RRAM material. Determination of the phonon mean free path (MFP) spectrum in TiO 2 shows that MFPs are similar to the CF radius, indicating that thermal transport is nondiffusive. We develop an analytical solution to the Boltzmann transport equation (BTE) to model the nondiffusive thermal transport in TiO 2 and find that the surface temperature rise of the CF predicted by the BTE is larger than that predicted by the heat diffusion equation (e.g., 4× larger for a 1 nm CF radius in a device operating at a temperature of 300 K). We propose a suppressed, effective TiO 2 thermal conductivity to more accurately predict the CF temperature rise with the heat diffusion equation.
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I. INTRODUCTION
R ESISTIVE random-access memory (RRAM) offers benefits to other nonvolatile memory systems due to scalability, fast switching, and easy fabrication [1] . In RRAM, electrical stimulation switches the resistance of a metalinsulator-metal memory cell. A low-resistance state is achieved during the set process, when a conductive filament (CF) is formed by dielectric breakdown. During the reset process, disruption of the CF restores the device to a high-resistance state.
The effect of temperature on switching processes in RRAM was hitherto studied assuming diffusive thermal transport [2] - [15] , but we now show that nondiffusive mechanisms critically impact device operation and active physical interpretations. Nondiffusive thermal transport is particularly important since switching processes are thought to be temperature driven, though this remains actively researched [5] , [16] . Studies suggest that dissolution of the CF during the reset process occurs when the CF reaches a critical temperature due to Joule heating [2] , [5] , [17] . The rate of heat removal from the CF into the surrounding insulator dictates the reset voltage [5] .
Modeling thermal transport within the CF and surrounding insulator with the cylindrical heat diffusion equation with bulk thermal properties is appropriate when the geometrical length scales in the system are much larger than thermal energy carrier mean free paths (MFPs) [18] - [20] . The validity of this requirement is checked by comparing the radius r o of the CF to the phonon MFPs in the insulator. Measurements suggest that the radius of the CF ranges from 1 nm to 20 nm [21] . A misleading approach is to define a gray (i.e., phonon frequency-independent) phonon MFP by kinetic theory as g = 3k bulk /v s C, where k bulk is the bulk thermal conductivity, v s is the average sound speed, and C is the total volumetric heat capacity. For rutile TiO 2 , a prototypical RRAM material, g = 1.3 nm at a temperature T = 300 K [22] , [23] . With this gray approximation, the heat diffusion equation is invalid only for the smallest CF radii in RRAM. It is well known, however, that phonons in crystals do not have a single, gray MFP but instead a broad range of MFPs, where those larger than g dominate thermal conductivity [24] - [28] .
We herein use existing thermal conductivity data to approximate the phonon MFP spectrum in TiO 2 and show that phonons with MFPs comparable to the CF radii contribute significantly to thermal conductivity, rendering the heat diffusion equation inadequate. Accordingly, we develop an analytical solution to the Boltzmann transport equation (BTE) to model thermal transport in the surrounding insulator when CF radii are comparable to energy carrier MFPs [18] , [19] , [29] , [30] . The BTE predicts CF temperatures that are higher than predictions by the heat diffusion equation with bulk properties. Modeling thermal transport with the heat diffusion equation and a suppressed value of insulator thermal conductivity is, however, a reasonable substitute in device models that cannot invoke the BTE.
II. PHONON MEAN FREE PATH SPECTRUM IN TiO 2
To determine the phonon MFP spectrum of crystalline TiO 2 in the rutile structure we follow the procedure outlined in [28] . Bulk thermal conductivity data as a function of temperature from [31] are shown in Fig. 1 (a) and are fit with the Born-von Karman-Slack model [32] , which assumes Born-von Karman dispersion with an average sound velocity v s = 6650 m/s [22] and MFP of the form
, for the phonon scattering coefficients A (impurity), P (Umklapp), C U (Umklapp), and b (boundary). Here, ω is phonon frequency and v g (ω) is the phonon group velocity. The best fit to the data yields A = 5 × 10 −43 s 3 , P = 1.16 × 10 −18 s/K, C U = 77 K, and b = 1 cm and is shown in Fig. 1(a) . At T = 300 and 500 K, k bulk = 8.7 and 5.5 W/m-K.
Next, (ω) is used to determine the thermal conductivity accumulation function [32] 
which quantifies the cumulative contributions to thermal conductivity from phonons with MFPs between 0 and * and is shown in Fig. 1(b) for temperatures of 300 and 500 K. Here, k and C are the thermal conductivity and volumetric heat capacity per unit . For rutile, k accum indicates that thermal conductivity at these temperatures is dominated by phonons with MFPs between 1 and 1000 nm. Since these MFPs are comparable to CF radii in RRAM, thermal transport in the surrounding insulator is nondiffusive and use of the heat diffusion equation is not justified.
III. SOLUTION TO THE BOLTZMANN TRANSPORT EQUATION
Nondiffusive thermal transport has been modeled analytically in spherical systems with the BTE [19] , [29] . Here, we develop an approximate analytical solution to the cylindrical BTE for RRAM by approximating the geometry of one CF as an infinitely long cylinder with radius r o embedded in an insulator (e.g., TiO 2 ), as illustrated in Fig. 1(c) . The interface thermal resistance between the CF and the metal electrode (1.7 × 10 −8 m 2 -K/W for a typical metal/insulator interface [33] ) dominates the axial thermal resistance of the CF, which is large compared to the thermal resistance in the radial direction for CF radii less than ∼30 nm. Heat therefore leaves the CF radially, therein justifying the use of the infinite cylinder approximation. Periodic surface heating of the CF is imposed T (r = r o ) = T s e i t where and T s are the angular frequency and amplitude of the temporal temperature oscillations. With this boundary condition, it is straightforward to determine solutions for any periodic, time-dependent heating profile by representing it as a Fourier series and superimposing the solutions for each component [34] . In this study, only one harmonic is considered with = 6.28 × 10 8 rad/s, which relates to a timescale comparable to a typical switching time of 10 ns.
We solve for the non-equilibrium phonon distribution function n in the insulator using the 1-D, gray BTE in cylindrical coordinates under the relaxation time approximation in an isotropic medium [20] , [35] 
where θ is the polar angle and accounts for the velocity of phonons traveling at an angle θ from the z-direction, ψ is the azimuthal angle, n(r, t, θ, ψ) is the phonon energy density per unit phonon frequency per unit solid angle and equals ωD(ω)g(r, t, θ, ψ)/4π where is the reduced Planck constant, D(ω) is the phonon density of states, and g(r, t, θ, ψ) is the occupation function. The equilibrium distribution function n e (r, t) is specified for phonons when g is the Bose-Einstein distribution g B E . For small temperature variations, n e (r, t) ≈ C ω T (r, t)/4π where C ω is the differential volumetric heat capacity per unit ω and T (r, t) is the deviation from T (r → ∞, t) taken here to be zero for convenience (T ∞ = 0) [36] .
The difficulty in solving (2) for n comes from its polar and azimuthal angular dependence. The governing equation is simplified to determine analytical solutions by using the method of spherical harmonics (the P N approximation), which reduces (2) into a set of N simpler partial differential equations by taking advantage of the orthogonality of spherical harmonics [35] . Due to the temporally periodic nature of the problem, we separate variables such that n(r, t, θ, ψ) = n(r, θ, ψ)e i t . The P 1 approximation yields
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Here,n 0 andn 2 are the zeroth and second moments ofn and are proportional to the temperature and heat flux profiles in the insulator,T BT E (r ) andq BT E (r ). They are determined with boundary conditions (i)n 0 (r → ∞) =n 2 (r → ∞) = 0, which represents the temperature decaying to T ∞ as r → ∞ and (ii) (1 − ρ)n 0 (r = r o ) + 2(1 + ρ)n 2 (r = r o ) = εC ω T s , which states the total energy carried by phonons traveling in the positive r -direction at r o is equal to the sum of the energy carried by phonons emitted (with probability of emission ε) and the energy carried by phonons traveling in the negative r -direction that are reflected from the surface (with probability of reflection ρ) [19] , [29] . The resulting spatial temperature and heat flux profiles predicted by the BTE arē
, K 0 and K 1 are the modified Bessel functions of the second kind of order 0 and 1, and β = 3 (iv s − )/(v 2 s ). Sincen 0 andn 2 are independent of ω, the integral over ω only changes C ω to the total volumetric heat capacity C. For a more thorough derivation, we refer the reader to [29] , which is an analogous derivation in spherical coordinates.
IV. EFFECTIVE THERMAL CONDUCTIVITY IN RRAM
We define the thermal resistance of the system as
, where R di f f and R BT E are the thermal resistances from the heat diffusion equation and BTE. The thermal conductivity suppression function S( , r o , ) = k 1-app /k bulk is determined by finding the apparent thermal conductivity of a single phonon mode k 1-app that equates R di f f to R BT E . The suppression function is material-independent and found from
where k 1-app is solved for numerically since it appears in the argument of K 0 and K 1 . The resulting S is shown in Fig. 1 (d) for = 6.28 × 10 8 rad/s and ε = 1 − ρ = 1. The material-independent suppression function is used to modify k accum of TiO 2 to determine the effective thermal
of the experiment-specific lengths and timescales. Here, S weights a phonon's contribution to thermal conductivity local to the nanoscale CF as compared to in a bulk system. When the CF radius is much larger than the MFP of a phonon in the insulator, then this phonon fully contributes to the thermal conductivity of the insulator, as it would in a diffusive system. As the CF radius becomes comparable to or smaller than the MFP of a phonon in the insulator, this phonon contributes less to the thermal conductivity of the insulator than it would in a diffusive system.
Although the gray BTE is solved, S is used to suppress contributions from all phonons in the spectrum based on their MFP [37] . The effective thermal conductivity of TiO 2 vs. CF radius is shown in Fig. 1(e) for = 6.28 × 10 8 rad/s and ε = 1 − ρ = 1 at T ∞ = 300 and 500 K. Switching times faster than ∼0.1 ns ( ∼ 6.3 × 10 10 rad/s) cause added suppression due to the reduction of the thermal penetration depth in the TiO 2 . In general, thermal conductivity suppression is dominated by the shorter of the two length scales thermal penetration depth and CF radius.
V. PREDICTING CONDUCTIVE FILAMENT TEMPERATURE
To predict the surface temperature of the CF using a simple thermal diffusion analysis k ef f is used instead of k bulk . Solving the heat diffusion equation in cylindrical coordinates with periodic surface heat flux yields the surface temperature of the CF with k bulk (T s,bulk ) and k ef f (T s,ef f ) as the thermal conductivity of TiO 2 . The temperature T s,ef f accounts for weighted suppression of the full phonon spectrum by our definition of k ef f and is not the same as the surface temperature from (4a), which is defined for one phonon mode. The ratio T s,ef f /T s,bulk is shown in Fig. 1(f) for T ∞ = 300 and 500 K and indicates that the surface temperature augmentation of the CF will be larger as r o becomes smaller. For example, for a CF with r o = 1 nm in TiO 2 at T ∞ = 300 K, the actual temperature rise will be 4× larger than that predicted by the heat diffusion equation with k bulk . In this calculation, C = 2.95 × 10 6 and 3.20 × 10 6 J/m 3 -K at T = 300 and 500 K [38] .
The ratio V ef f /V bulk , shown in Fig. 1(f) , is determined following [5] and quantifies the change in reset voltage when accounting for the CF surface temperature augmentation. Since the CF temperature rise increases due to nondiffusive phonon transport, less voltage is required to achieve the critical CF temperature and reset the device. These effects would be less pronounced in polycrystalline and amorphous TiO 2 , and at higher operating temperatures, since long phonon MFPs do not contribute as significantly in these conditions. Nonetheless if k accum is known, the same S is used to identify k e f f , T s,ef f , and V ef f .
